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Z-COMPACTIFIABLE MANIFOLDS WHICH ARE NOT
PSEUDO-COLLARABLE
SHIJIE GU
Abstract. It is shown that there exist Z-compactifiable manifolds with noncom-
pact boundary which fail to be pseudo-collarable.
1. Introduction
An m-manifold Mm with (possibly empty) boundary is completable if there exists
a compact manifold M̂m and a compactum C ⊆ ∂M̂m such that M̂m\C is home-
omorphic to Mm. In this case M̂m is called a (manifold) completion of Mm.1 A
full characterization for completable manifolds, in the piecewise-linear (PL), topolog-
ical (TOP) and smooth (DIFF) categories, was achieved through combined efforts of
topologists over the past five decades; see [Sie65], [Tuc74], [O’B83] and [GG18].
Theorem 1.1. [Manifold Completion Theorem] An m-manifold Mm (m 6= 4, 5) is
completable if and only if
(1) Mm is inward tame,
(2) Mm is peripherally pi1-stable at infinity,
(3) σ∞(Mm) ∈ lim←−
{
K˜0(pi1(N)) | N a clean neighborhood of infinity
}
is zero, and
(4) τ∞ (Mm) ∈ lim←−1 {Wh(pi1(N)) | N a clean neighborhood of infinity} is zero.
Remark 1. When m = 1, the characterization is trivial. For m = 2, 3, Condition
(1) alone would be necessary and sufficient. See [GG18] and [Tuc74]. The Manifold
completion theorem fails in dimension 4. Counterexamples were discovered in [Wei87]
and [KS88]. In TOP, Theorem 1.1 holds in dimension 5 provided Condition (2) is
strengthened to ensure the existence of arbitrarily small neighborhoods of infinity
with stable peripheral pro-pi1 groups that are “good” in the language of [FQ90].
Although Condition (2) is necessary in order for such a completion to exist, such
condition is too rigid to characterize many exotic examples related to current research
trends in topology and geometric group theory. For instance, the exotic universal cov-
ering spaces produced by Davis [Dav83] are not completable (because Condition (2)
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1In literature, when Mm has one end, completing a manifold is also known as finding a collar of
the end.
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2 SHIJIE GU
fails) yet their ends exhibit nice geometric structure. More examples such as (open)
manifolds that satisfy Conditions (1), (3) and (4) but not Condition (2) can be found
in [GT03, Thm.1.3]. Is there a way to characterize manifolds sharing the structure
with these manifolds at ends? When Mm is an open manifold (or more generally,
a manifold with compact boundary), by weakening Condition (2), Guilbault [Gui00]
initiated a program to answer this question, which can be viewed as a natural general-
ization of Siebenmann’s collaring theorem for manifolds with compact boundary. De-
fine a manifold neighborhood of infinity N in a manifold Mm to be a homotopy collar
provided FrN ↪→ N is a homotopy equivalence. A pseudo-collar is a homotopy collar
which contains arbitrarily small homotopy collar neighborhoods of infinity. A man-
ifold is pseudo-collarable if it contains a pseudo-collar neighborhood of infinity. The
idea of pseudo-collars and a detailed motivation for the definition are nicely exposited
in [Gui00]. Through a series of papers [Gui00, GT03, GT06], a characterzation for
pseudo-collarable manifolds with compact boundary (hence, finitely many ends) was
provided. In a recent work, the author [Gu18] developed a complete characterization
for high-dimensional manifolds with (possible noncompact) boundary.
Theorem 1.2 (Pseudo-collarability characterization theorem). An m-manifold Mm
(m ≥ 6) is pseudo-collarable iff each of the following conditions holds:
(a) Mm is inward tame
(b) Mm is peripherally perfectly pi1-semistable at infinity,
(c) σ∞(Mm) ∈ lim←−
{
K˜0(pi1(N)) | N a clean neighborhood of infinity
}
is zero.
Remark 2. The dimension restriction m ≥ 6 is only required for the sufficiency of
Theorem 1.2, see [Gu18, Section 6]. Compared to Theorem 1.1, when m ≤ 3, pseudo-
collarability is just the ordinary collarability. When all of the groups in Condition (b)
involved are “good” in the sense of Freedman and Quinn, the conclusion holds for m =
5 in TOP. Just like Theorem 1.1, Theorem 1.2 fails in dimension 4. Counterexamples
are again the ones from [Wei87] and [KS88].
Theorem 1.2 captures the pseudo-collar structure of the ends, however, it’s un-
clear if pseudo-collarability guarantees a compactification called Z-compactification2,
which is a generalization of completion intended for preserving the homotopy type of
the original space. A compactification X̂ = XunionsqZ of a space X is a Z-compactification
if, for every open set U ⊆ X̂, U\Z ↪→ U is a homotopy equivalence, where unionsq denotes
a disjoint union. The motivation first came from the modification of the manifold
completion applied to Hilbert cube manifolds in [CS76]. This compactification has
been proven to be useful in both geometric group theory and manifold topology,
for example, in attacks on the Borel and Novikov Conjectures. An arguably major
open problem about Z-compactification is the existence of a characterization of Z-
compactifiable manifolds by completely removing Condition (2) from Theorem 1.1;
cf. [CS76], [GT03] and [GG18].
2It’s an open question that whether pseudo-collarability and Condition (4) of Theorem 1.1 are
sufficient for manifolds to be Z-compactifiable, cf. [Gu18, Question 2] and [GT03, Section 5].
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Question 1. Are Conditions (1), (3) and (4) of Theorem 1.1 sufficient for manifolds
to be Z-compactifiable?
In dimensions ≤ 3, Condition (1) ensures that Z-compactifications are just com-
pletions. Thus, Question 1 is aimed at Z-compactifications of high-dimensional man-
ifolds. Although it’s unknown whether these conditions are sufficient, in [GG18],
Guilbault and the author provided a best possible result.
Theorem 1.3. An m-manifold Mm (m ≥ 5) satisfies Conditions (1), (3) and (4) of
Theorem 1.1, if and only if Mm × [0, 1] admits a Z-compactification.
Remark 3. Conditions (1), (3) and (4) are precisely the conditions that characterize
Z-compactifiable Hilbert cube manifolds [CS76]. The early version of Question 1 was
posed more generally in [CS76] for locally ANR’s, but in [Gui01] a counterexample
was constructed.
Clearly, completable manifolds are both pseudo-collarable and Z-compactifiable.
It’s known that various manifolds such as Hilbert cube manifolds (satisfying Con-
ditions (1), (3) and (4)) and Davis’s manifolds are both pseudo-collarable and Z-
compactifiable3 but not completable. Nevertheless, the relationship between pseudo-
collarable manifolds and Z-compactifiable manifolds are not well-understood. Here
we answer the following open question in negative.
Question 2. [Gu18] Are Z-compactifiable manifolds pseudo-collarable?
Remark 4. It’s worth noting that Question 2 is related to an older open question
posed in [GT03] asking if a Z-compactifiable open manifold can fail to be pseudo-
collarable. However, Question 2 is formulated in a more general setting with the
manifolds with non-empty boundary taken into account, which is essential to our
examples.
The following theorem is the main result of this paper.
Theorem 1.4. There exist Z-compactifiable manifold Mm (m ≥ 4) with noncompact
boundary which fail to be pseudo-collarable.
About the organization of this paper: In Sections 2-5, we import foundational
notations and terminology developed from [GG18] and [Gu18] almost verbatim. §2
contains basic definitions and notation. §3 provides background materials and tech-
nical set-up about neighborhoods of infinity, ends, peripheral perfect semistability
condition, etc. §4 and §5 give illustrations for Conditions (a) and (c), respectively.
The main content is §6, where we prove Theorem 1.4. The starting point of our 4-
dimensional examples is based on the construction of a contractible open 3-manifold
W 3 which cannot be embedded in any compact 3-manifolds. A rudimentary ver-
sion of such examples can be traced back to [Whi35] where Whitehead stunned the
topology community by finding the first example of a contractible open 3-manifold
homeomorphically different from R3. Later, Kister and McMillan [KM62] proved
3In [AS85], Ancel and Siebenmann claimed a proof that Davis’ manifolds are Z-compactifiable.
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that an example proposed by Bing (see Figure 1), a modification of Whitehead’s
example, doesn’t embed in R3. Meanwhile, they conjectured that Bing’s example
would embed in no compact 3-manifold. Their conjecture was confirmed by Haken
[Hak68], using his famous finiteness theorem. Applying the techniques developed in
[Ste77], the author [Gu18] showed that Bing’s example cannot even embed in a much
more general compact space — a compact, locally connected and locally 1-connected
3-dimensional metric space. Furthermore, examples similar to Bing’s exist in di-
mension ≥ 3, cf. [Gu18] and [Ste77]. After introducing W 3, we use the interaction
of knot theory and combinatorial group theory to modify the construction so W 3
has the desired fundamental group at its end. More specifically, we show that the
space W 3 × [0, 1) is Z-compactifiable but does not satisfy Condition (b) of Theorem
1.2. Finally, in §6.3, we produce examples of dimension greater than four, using the
structure of W 3 × [0, 1).
2. Conventions, notation, and terminology
For manifolds of dimension ≥ 6 are assumed to be PL. Equivalent results in the
DIFF and TOP categories may be otained in the usual ways. For instance, some
technical issues in smooth category requiring “rounding off corners” or “smoothing
corners” have been nicely exposited in [Sie65] and [O’B83]. Unless stated otherwise,
an m-manifold Mm is permitted to have a boundary, denoted ∂Mm. We denote the
manifold interior by intMm. For A ⊆ Mm, the point-set interior will be denoted
IntMm A and the frontier by FrMm A. A closed manifold is a compact boundaryless
manifold, while an open manifold is a non-compact boundaryless manifold.
A q-dimensional submanifold Qq ⊆Mm is properly embedded if it is a closed subset
of Mm and Qq ∩ ∂Mm = ∂Qq; it is locally flat if each p ∈ intQq has a neighborhood
pair homeomorphic to (Rm,Rq) and each p ∈ ∂Qq has a neighborhood pair homeo-
morphic to
(
Rm+ ,R
q
+
)
. By this definition, the only properly embedded codimension
0 submanifolds of Mm are unions of its connected components; a more useful vari-
ety of codimension 0 submanifolds are the following: a codimension 0 submanifold
Qm ⊆Mm is clean if it is a closed subset of Mm and FrM Qm is a properly embedded
locally flat (hence, bicollared) (m− 1)-submanifold of Mm. In that case, Mm\Qm
is also clean, and FrM Q
m is a clean codimension 0 submanifold of both ∂Qm and
∂(Mm\Qm).
When the dimension of a manifold or submanifold is clear, we will often omit
the superscript; for example, denoting a clean codimension 0 submanifold simply by
Q. Similarly, when the ambient space is clear, we denote (point-set) interiors and
frontiers by IntA and FrA.
For any codimension 0 clean submanifold Q ⊆Mm, let ∂MQ denote Q∩ ∂Mm and
intM Q = Q ∩ intMm; alternatively, ∂MQ = ∂Q\ int(FrQ) and intM Q = Q\∂Mm.
Note that intM Q is a m-manifold and ∂ (intM Q) = int (FrQ).
A metric space Y is said to be an absolute neighborhood retract (abbreviated as
ANR) if, for each closed subset A of a metric space X, every map f : A → Y has a
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continuous extension F : U → Y defined on some neighborhood U of A in X. Every
topological manifold is an ANR [Hu65, III: 8.3].
3. Ends, pro-pi1, and the peripherally perfectly semistable condition
3.1. Neighborhoods of infinity, partial neighborhoods of infinity, and ends.
Let Mm be a connected manifold. A clean neighborhood of infinity in Mm is a clean
codimension 0 submanifold N ⊆ Mm for which Mm\N is compact. Equivalently,
a clean neighborhood of infinity is a set of the form Mm\C where C is a compact
clean codimension 0 submanifold of Mm. A clean compact exhaustion of Mm is a
sequence {Ci}∞i=1 of clean compact connected codimension 0 submanifolds with Ci ⊆
IntMm Ci+1 and ∪Ci = Mm. By letting Ni = Mm\Ci we obtain the corresponding
cofinal sequence of clean neighborhoods of infinity. Each such Ni has finitely many
components
{
N ji
}ki
j=1
. By enlarging Ci to include all of the compact components
of Ni we can arrange that each N
j
i is noncompact; then, by drilling out regular
neighborhoods of arcs connecting the various components of each FrMm N
j
i (thereby
further enlarginging Ci), we can arrange that each FrMm N
j
i is connected. An Ni with
these latter two properties is called a 0-neighborhood of infinity. For convenience,
most constructions in this paper will begin with a clean compact exhaustion of Mm
with a corresponding cofinal sequence of clean 0-neighborhoods of infinity.
Assuming the above arrangement, an end ofMm is determined by a nested sequence
of components ε =
(
Nkii
)∞
i=1
of the Ni; each component is called a neighborhood of
ε. In §2.3, we discuss components {N j} of a neighborhood of infinity N without
reference to a specific end of Mm. In that situation, we will refer to the N j as partial
neighborhoods of infinity for Mm (partial 0-neighborhoods if N is a 0-neighborhood
of infinity). Clearly every noncompact clean connected codimension 0 submanifold
of Mm with compact frontier is a partial neighborhood of infinity with respect to
an appropriately chosen compact C; if its frontier is connected it is a partial 0-
neighborhood of infinity.
3.2. The fundamental group of an end. For each end ε, we will define the fun-
damental group at ε; this is done using inverse sequences. Two inverse sequences of
groups and homomorphisms A0
α1←− A1 α2←− A3 α3←− · · · and B0 β1←− B1 β2←− B3 β3←−
· · · are pro-isomorphic if they contain subsequences that fit into a commutative dia-
gram of the form
(3.1)
Ai0 <
λi0+1,i1 Ai1 <
λi1+1,i2 Ai2 <
λi2+1,i3 Ai3 · · ·
Bj0 <
µj0+1,j1<
<
Bj1 <
µj1+1,j2<
<
Bj2 <
µj2+1,j3<
<
· · ·
An inverse sequence is stable if it is pro-isomorphic to a constant sequence C
id←−
C
id←− C id←− · · · . Clearly, an inverse sequence is pro-isomorphic to each of its
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subsequences; it is stable if and only if it contains a subsequence for which the images
stabilize in the following manner
(3.2)
A0 <
λ1
A1 <
λ2
A2 <
λ3
A3 · · ·
Im (λ1) <
∼=<
<
Im (λ2) <
∼=<
<
Im (λ3) <
∼=<
<
· · ·
where all unlabeled homomorphisms are restrictions or inclusions.
Given an end ε =
(
Nkii
)∞
i=1
, choose a ray r : [1,∞) → Mm such that r ([i,∞)) ⊆
Nkii for each integer i > 0 and form the inverse sequence
(3.3) pi1
(
Nk11 , r (1)
) λ2←− pi1 (Nk22 , r (2)) λ3←− pi1 (Nk33 , r (3)) λ4←− · · ·
where each λi is an inclusion induced homomorphism composed with the change-of-
basepoint isomorphism induced by the path r|[i−1,i]. We refer to r as the base ray
and the sequence (3.3) as a representative of the “fundamental group at ε based at
r” —denoted pro-pi1 (ε, r). We say the fundamental group at ε is stable if (3.3) is a
stable sequence. A nontrivial (but standard) observation is that both semistability
and stability of ε do not depend on the base ray (or the system of neighborhoods if
infinity used to define it). See [Gui16] or [Geo08].
If {Hi, µi} can be chosen so that each µi is an epimorphism, we say that our inverse
sequence is semistable (or Mittag-Leffler, or pro-epimorphic). In this case, it can be
arranged that the restriction maps in the bottom row of (3.1) are epimorphisms.
Similarly, if {Hi, µi} can be chosen so that each µi is a monomorphism, we say that
our inverse sequence is pro-monomorphic; it can then be arranged that the restriction
maps in the bottom row of (3.1) are monomorphisms. It is easy to see that an inverse
sequence that is semistable and pro-monomorphic is stable.
Recall that a commutator element of a group H is an element of the form x−1y−1xy
where x, y ∈ H; and the commutator subgroup of H; denoted [H,H] or H(1), is the
subgroup generated by all of its commutators. The group H is perfect if H = [H,H].
An inverse sequence of groups is perfectly semistable if it is pro-isomorphic to an
inverse sequence.
(3.4) G0
λ1−−− G1
λ2−−− G2
λ3−−− · · ·
of finitely generated groups and surjections where each ker(λi) perfect. The following
shows that inverse sequences of this type behave well under passage to subsequences.
Lemma 3.1. A composition of surjective group homomorphisms, each having perfect
kernels, has perfect kernel. Thus, if an inverse sequence of surjective group homo-
morphisms has the property that the kernel of each bonding map is perfect, then each
of its subsequences also has this property.
Proof. See [Gui00, Lemma 1].

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3.3. Relative connectedness, relatively perfect semistability, and the pe-
ripheral perfect semistability condition. Let Q be a manifold and A ⊆ ∂Q. We
say that Q is A-connected at infinity if Q contains arbitrarily small neighborhoods of
infinity V for which A ∪ V is connected.
Lemma 3.2. [GG18, Lemma 4.1] Let Q be a noncompact manifold and A a clean
codimension 0 submanifold of ∂Q. Then Q is A-connected at infinity if and only if
Q\A is 1-ended.
If A ⊆ ∂Q and Q is A-connected at infinity: let {Vi} be a cofinal sequence of
clean neighborhoods of infinity for which each A ∪ Vi is connected; choose a ray
r : [1,∞) → IntQ such that r ([i,∞)) ⊆ Vi for each i > 0; and form the inverse
sequence
(3.5) pi1 (A ∪ V1, r (1)) µ2←− pi1 (A ∪ V2, r (2)) µ3←− pi1 (A ∪ V3, r (3)) µ4←− · · ·
where bonding homomorphisms are obtained as in (3.3). We say Q is A-perfectly
pi1-semistable at infinity (resp. A-pi1-stable at infinity) if (3.5) is perfectly semistable
(resp. stable). Independence of this property from the choices of {Vi} and r follows
from the traditional theory of ends by applying Lemmas 3.2 and 3.3. Because each
boundary component of a manifold with boundary is collared, the following lemma is
true because “throwing away” part of the boundary will preserve the homotopy type
of the original manifold.
Lemma 3.3. [GG18, Lemma 4.2] Let Q be a noncompact manifold and A a clean
codimension 0 submanifold of ∂Q for which Q is A-connected at infinity. Then, for
any cofinal sequence of clean neighborhoods of infinity {Vi} and ray r : [1,∞) → Q
as described above, the sequence (3.5) is pro-isomorphic to any sequence representing
pro-pi1 (Q\A, r).
Remark 5. In the above discussion, we allow for the possibility that A = ∅. In that
case, A-connected at infinity reduces to 1-endedness and A-perfectly pi1-semistable
(resp. A-pi1-stability) to ordinary perfectly semistable (resp. pi1-stability) at that
end.
We can now formulate one of the key definitions of this paper.
Definition 3.1. Let Mm be an manifold and ε be an end of Mm
(1) Mm is peripherally locally connected at infinity if it contains arbitrarily small
0-neighborhoods of infinity N with the property that each component N j is
∂MN
j-connected at infinity.
(2) Mm is peripherally locally connected at ε if ε has arbitrarily small 0-neighbor-
hoods P that are ∂MP -connected at infinity.
An N with the property described in Condition (1) will be called a strong 0-neigh-
borhood of infinity for Mm, and a P with the property described in Condition (2)
will be called a strong 0-neighborhood of ε. More generally, any connected partial
0-neighborhood of infinity Q that is ∂MQ-connected at infinity will be called a strong
partial 0-neighborhood of infinity.
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Lemma 3.4. [GG18, Lemma 4.4] Mm is peripherally locally connected at infinity iff
Mm is peripherally locally connected at each of its ends.
In the next section, one will see that every inward tame manifold Mm is pe-
ripherally locally connected at infinity. As a consequence, that condition plays less
prominent role than the next definition.
Definition 3.2. Let Mm be a manifold and ε an end of Mm.
(1) Mm is peripherally perfectly pi1-semistable at infinity if it contains arbitrar-
ily small strong 0-neighborhoods of infinity N with the property that each
component N j is ∂MN
j-perfectly pi1-semistable at infinity.
(2) Mm is peripherally perfectly pi1-semistable at ε if ε has arbitrarily small strong
0-neighborhoods P that are ∂MP -perfectly pi1-semistable at infinity.
If Mm contains arbitrarily small 0-neighborhoods of infinity N with the property
that each component N j is ∂MN
j-perfectly semistable at infinity, then those compo-
nents provide arbitrarily small neighborhoods of the ends satisfying the necessary per-
fectly semistable condition. Thus, it’s easy to see peripheral perfect pi1-semistability
at infinity implies peripheral perfect pi1-semistability at each end.
4. Finite domination and inward tameness
A topological space P is finitely dominated if there exists a finite polyhedron K
and maps u : P → K and d : K → P such that d ◦ u ' idP . If choices can be made
so that d ◦ u ' idP and u ◦ d ' idK , i.e, P ' K, we say that P has finite homotopy
type. For convenience we will restrict our our attention to cases where P is a locally
finite polyhedron—a class that contains the (PL) manifolds and submanifolds (and
certain subspaces of these) under consideration in this paper.
A locally finite polyhedron P is inward tame if it contains arbitrarily small polyhe-
dral neighborhoods of infinity that are finitely dominated. Equivalently, P contains a
cofinal sequence {Ni} of closed polyhedral neighborhoods of infinity each admitting
a “taming homotopy” H : Ni × [0, 1] → Ni that pulls Ni into a compact subset of
itself. By an application of the Homotopy Extension Property, we may require taming
homotopies to be fixed on FrNi. From there, it is easy to see that, in an inward tame
polyhedron, every closed neighborhood of infinity admits a taming homotopy.4
Lemma 4.1. [GG18, Lemma 5.3] Let Mm be a manifold and A a clean codimension
0 submanifold of ∂Mm. If Mm is inward tame then so is Mm\A.
Lemma 4.2. Let Mm be inward tame and peripherally locally connected at infinity.
Then every strong partial 0-neighborhood of infinity Q ⊆Mm is ∂MQ-pi1-semistable.
Proof. By Lemma 4.1, Q\∂Mm is inward tame. Using Lemma 3.3, provingQ ⊆Mm is
∂MQ-pi1-semistable is equivalent to showing that Q\∂Mm has semistable pro-pi1. The
latter follows from a slight modification of [GT03, Prop. 3.2] (or a fact that “degree
1 maps between manifolds induce surjections on fundamental groups” as suggested
in [GT03, Rmk. 4]). 
4A discussion of the “inward tame” terminology can be found in [Gui16].
Z-COMPACTIFIABLE MANIFOLDS WHICH ARE NOT PSEUDO-COLLARABLE 9
5. Finite homotopy type and the σ∞-obstruction
Finitely generated projective left Λ-modules P and Q are stably equivalent if there
exist finitely generated free Λ-modules F1 and F2 such that P ⊕ F1 ∼= Q ⊕ F2.
Under the operation of direct sum, the stable equivalence classes of finitely generated
projective modules form a group K˜0 (Λ), the reduced projective class group of Λ. In
[Wal65], Wall asssociated to each path connected finitely dominated space P a well-
defined σ (P ) ∈ K˜0 (Z[pi1 (P )]) which is trivial if and only if P has finite homotopy
type.5 As one of his necessary and sufficient conditions for completability of a 1-ended
inward tame open manifold Mm (m > 5) with stable pro-pi1, Siebenmann defined the
end obstruction σ∞ (Mm) to be (up to sign) the finiteness obstruction σ (N) of an
arbitrary clean neighborhood of infinity N whose fundamental group “matches” pro-
pi1 (ε (M
m)).
In cases where Mm is multi-ended or has non-stable pro-pi1 (or both), a more
general definition of σ∞ (Mm), introduced in [CS76], is required. Here we inherit
the definition discussed in [GG18]. For inward tame finitely dominated locally finite
polyhedron P (or more generally locally compact ANR), let {Ni} 6 be a nested cofinal
sequence of closed polyhedral neighborhoods of infinity and define
σ∞ (P ) = (σ (N1) , σ (N2) , σ (N3) , · · · ) ∈ lim←−
{
K˜0[Z[pi1(Nj)]
}
The bonding maps of the target inverse sequence
K˜0[Z[pi1(N1)]← K˜0[Z[pi1(N2)]← K˜0[Z[pi1(N3)]← · · ·
are induced by inclusion maps, with the Sum Theorem for finiteness obtructions
[Sie65, Th. 6.5] assuring consistency. Clearly, σ∞ (P ) vanishes if and only if each Ni
has finite homotopy type; by another application of the Sum Theorem, this happens
if and only if every closed polyhedral neighborhood of infinity has finite homotopy
type.
6. Z-compactifiable but not pseudo-collarable manifolds with
boundary
We shall prove Theorem 1.4 by focusing on the fundamental group at infinity of
certain contractible manifolds with noncompact boundary.
6.1. Z-compactification of W 3 × [0, 1). Before constructing the contractible open
3-manifold W 3, we first give a general result to guarantee that the product of W 3
with [0, 1) is Z-compactifiable.
Proposition 6.1. Let M be a contractible open manifold. Then M × [0, 1) is Z-
compactifiable.
5Here Z[pi1 (P )] denotes the integral group ring corresponding to the group pi1 (P ). In the litera-
ture, K˜0 (Z[G]) is sometimes abbreviated to K˜0 (G).
6Each Ni can be non-path-connected. However, inward tameness assures that each Ni has finitely
many components — each finitely dominated. See [GG18] for the details about defining the functor
K˜0 and the finiteness obstruction in this situation.
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The proof of Proposition 6.1 is based on the next result.
Lemma 6.2. [BM91, Prop. 2.1] Suppose that X is a compactum and Z ⊂ X a closed
subset such that
(i) IntZ = ∅,
(ii) dimX = n <∞,
(iii) for every k = 0, 1, . . . , n, every point z ∈ Z and every neighborhood U of z, there
exists a neighborhood V of z such that α : Sk → V \Z extends to α˜ : Bk+1 →
U\Z and
(iv) X\Z is an ANR.
Then X is an ANR and Z ⊂ X is a Z-set.
Proof of Proposition 6.1. The strategy is to show the one-point compactification M×
[0, 1) unionsq {∞} is a Z-compactification. To that end, we verify Conditions (i)-(iv) in
Lemma 6.2. Verifying Conditions (i) and (ii) are trivial. The standard ANR theory
shows that M × [0, 1) is an ANR. To check Condition (iii), it suffices to show that the
image of α : Sk → V in a neighborhood V of the end of M×[0, 1) deformation retracts
to a point in a larger neighborhood U ⊇ V . To that end, let us pick a neighborhood
N of infinity of M and a number a ∈ [0, 1) such that U = N × [0, 1) ∪M × [a, 1)
contains V . Choose b ∈ [a, 1) such that M × {b} ⊂ V . There exists an obvious
deformation retract of U onto M × {b}. Since M × {b} deformation retracts to a
point in itself, the composition of the above two deformation retractions restricted on
α(Sk) yields the desired deformation retraction. 
6.2. The fundamental group at infinity of W 3 × [0, 1). The result below and
the necessity of Theorem 1.2 imply that the only way to see that W 3 × [0, 1) is not
pseudo-collarable is to show that the peripherally perfect semistability at infinity fails.
Proposition 6.3. [GG18, Prop. 12.1] Let M be a connected open manifold. If
M has finite homotopy type, then M × [0, 1) is one-ended and inward tame, with
σ∞(M × [0, 1)) = 0.
First, we prepare some algebraic devices.
Definition 6.1. A group G is said to be hypoabelian if the following equivalent
conditions are satisfied:
(1) G contains no nontrivial perfect subgroup.
(2) The transfinite derived series7 terminates at the identity.
Example 1. (1) Every abelian group is hypoabelian.
(2) Solvable groups, residually solvable groups and free groups are hypoabelian.
(3) Every right-angled Artin group is hypoabelian.
(4) The Baumslag-Solitar groups BS(1, n) are hypoabelian.
7The transfinite derived series of a group is an extension of its derived series such that the
successor of a given subgroup is its commutator subgroup, and subgroups at limit ordinals are given
by intersecting all previous subgroups.
Z-COMPACTIFIABLE MANIFOLDS WHICH ARE NOT PSEUDO-COLLARABLE 11
Hypoabelianity is closed under a number of operations:
(1) Free products of hypoabelian groups are hypoabelian.
(2) Every extension of a hypoabelian group by a hypoabelian group is hypoa-
belian.
(3) Let H be a subgroup of a group G. Since conjugate subgroups are isomorphic,
if H is hypoabelian, so are the conjugates of H.
Proposition 6.4. The Picard group PSL(2,Z[i]) is hypoabelian, where Z[i] is the ring
of Gaussian integers.
Sketch of the proof. Let A4 and D6 be alternating and dihedral groups, respectively.
Using a careful analysis of the group presentation of PSL(2,Z[i]) described in [JR16,
Example 19.1.6, pp. 153-154], PSL(2,Z[i]) can be rewritten as a free product with
amalgmation G1 ∗H G2, where G1 = A4 ∗Z2 D6, H = Z2 ∗ Z3 and G2 = D6 ∗Z2 (Z2 ×
Z2). Since A4, D6 are solvable and Z2 is a cyclic group, by Proposition 6.6, G1 is
hypoabelian. Next, the group presentations of G1 and G2 in [JR16, Example 19.1.6,
pp. 153-154] promises a surjection τ : PSL(2,Z[i]) = G1 ∗H G2  G1 o 〈φ〉 such that
ker τ is free, where G1 o 〈φ〉 is a semidirect product and φ is an automorphism of
G1 with order 2. Then both G1 and 〈φ〉 are hypoabelian imply that the semidirect
product is hypoabelian. Hence, PSL(2,Z[i]) is hypoabelian. 
Definition 6.2. A split HNN-extension G of a group B is an HNN-extension G =
〈B, t|t−1η(a)t = η(a)〉, where a ∈ A such that one of the injections η, ι : A ↪→ B (say
η) splits, that is, B is a split extension N ↪−→ B
φ−−←−↩
η
A.
Definition 6.3. A group G is a split amalgamated free product iff G may be expressed
as an amalgamated free product B∗AC, where one of the injections A ↪→ B or A ↪→ C
splits.
The results below show that hypoabelianity can be preserved under delicate group
operations.
Proposition 6.5. [How79, Thm. E] Split amalgamated free products of hypoabelian
groups are hypoabelian.
Given a nonempty set of groups {Gλ|λ ∈ Λ} together with a group H which is
isomorphic with a subgroup Hλ of Gλ by means of monomorphism φλ : H → Gλ.
There is a frequently used term known as the free product of the Gλ’s with the
amalgamated subgroup H. Roughly speaking, this is the largest group generated by
the Gλ’s in which the subgroups Hλ are identified with H by φλ. Such groups are
known as generalized free products. Readers are referred to [Rob95] for a more explicit
description.
Proposition 6.6. The generalized free product of two hypoabelian groups amalgamat-
ing a cyclic group is hypoabelian.
Proof. The proof is a straightforward generalization of that of [KM11, Thm. 2], which
relies on a (hypoabelian) filtration (via the derived series) of each factor so that the
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generator of the amalgamated subgroup does not lie in the i-th term of the derived
series. Let A,B be two hypoabelian groups, and let a ∈ A, b ∈ B be two non-identity
elements. For simplicity, we assume that the transfinite derived series of A and B
terminate at ordinals α and β, respectively. There exsit m,n ∈ N such that the
generators a ∈ δmA\δm+1A and b ∈ δnB\δn+1B, where δmA and δnB denote the m-
th and n-th derived subgroup of A and B, respectively. Establish the amalgamated
product G = {A∗B; a = b} of A and B with elements a and b identified. Let C be the
central product of A/δm+1A and B/δn+1B amalgamating a(δm+1A) with b(δn+1B):
C = {A/δm+1A×B/δn+1B; a(δm+1A) = b(δn+1B)}.
Define a homomorphism φ : G → C sending ai to (aiδm+1A, δn+1B) and bj to
(δm+1A, bjδn+1B), where ai, bj are generators of A,B, respectively. Let K = kerφ
and D = 〈a〉 = 〈b〉. Then K ∩ D = 1. By [Neu49], K is actually a free product
of conjugates of subgroups of A and B, and a free group. Thus, K is hypoabelian.
Since G is an extension of a hypoabelian group by a hypoabelian group, G is also
hypoabelian. 
The following lemma quoted from [GT03, Lemma 4.1] indicates the strategy we
will use.
Lemma 6.7. Let
(6.1) G0 ← G1 ← G2 ← · · ·
be an inverse sequence of groups with surjective but non-injective bonding homomor-
phism. Suppose each Gi is a hypoabelian group. Then the inverse sequence is not
perfectly semistable.
Now, we reproduce the example originially proposed by Bing, i.e., a 3-dimensonal
contractible open manifold W 3, see [Gu18] or [KM62]. Let {Tl|l = 0, 1, 2, . . . } be a
collection of disjoint solid tori standardly embedded in S3. Let the solid torus T ′l
be embedded in IntTl as in Figure 1. The cube Cl contains a tamely embedded
thickened trefoil knot with the interior of a standard ball removed. In this paper,
the choice of such a knot is not unique. Any knot K of nonzero writhe number
and whose knot group is hypoabelian will do.8 To create more examples, one simply
removes a standard ball from a thickened knot K and use the resulting space to
replace the trefoil-knotted part in Cl. Let the oriented simple closed curve αl, βl,
γl and δl be as shown in Figure 1. The curves αl and βl are transverse in ∂Tl, and
meet at the point ql ∈ ∂Tl. In a similar fashion, the curves γl and δl are transverse
in ∂T ′l , and meet at the point pl ∈ ∂T ′l . For l ≥ 1, let Ll = Tl\ IntT ′l . Define an
embedding hll+1 : Tl → Tl+1 so that Tl is carried onto T ′l+1 with hll+1(αl) = δl+1 and
hll+1(βl) = γl+1. W
3 is the direct limit of the Tl’s and denoted as W
3 = lim
l→∞
(Tl, h
l
l+1).
8Assume that pi1(S
3\K) is hypoabelian but the writhe number of K is zero. One can easily
“fix” K by taking a connected sum with a knot K ′ of nonzero writhe number and whose knot
group is hypoabelian. The connected sum increases the writhe number follows from [Lac09]. The
hypoabelianity remains unchanged follows from Corollary 6.13.
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That is equivalent to view W 3 as the quotient space: unionsqlTl q−→ W 3, where unionsqlTl is the
disjoint union of the Tl’s and q is the quotient map induced by the relation ∼ on unionsqlTl.
If x ∈ Ti and y ∈ Tj, then x ∼ y iff there exists a k larger than i and j such that
hik(x) = h
j
k(y), where h
s
t = h
t−1
t ◦ ht−2t−1 ◦ · · · ◦ hs+1s+2 ◦ hss+1 for t > s. Let ιl : Tl ↪→ unionsqlTl
be the obvious inclusion map. The composition q ◦ ιl embeds Tl in W 3 as a closed
subset. The injectivity follows from the injectivity of hkk+1. It is closed since for j > l
the set hlj(Tl) is closed in Tj. Let T
∗
l denote q ◦ ιl(Tl). T ∗l is embedded in T ∗l+1 just as
the way hll+1(Tl) (= T
′
l+1) is embedded in Tl+1. Hence, Figure 1 can be viewed as a
picture of the embedding of T ∗l in T
∗
l+1. In general, for k > l, T
∗
l is embedded in T
∗
k
just as hlk(Tl) is embedded in Tk.
γl
δl
pl
αl
ql
βl
Tl
Cl
Tl
'
Figure 1. Ll = Tl\T ′l . The “inner” boundary component of Ll is ∂T ′l .
The “outer” boundary component of Ll is ∂Tl
Proposition 6.8. W 3 as constructed above is an contractible open connected 3-
manifold.
Proof. See the proof of [Gu18, Prop. 2.1]. 
To show that the fundamental group at infinity of W 3 × [0, 1) is not perfectly
semistable, we start from a specific cofinal sequence of neighborhoods {Nj}∞j=0 of
infinity of W 3, where Nj = ∪∞l=jL∗l and L∗l = T ∗l+1\ IntT ∗l . Taking the product of Nj
with [0, 1) we define Vj = Nj × [0, 1) ∪W 3 × [1 − 1j+2 , 1). Then {Vj}∞j=1 is a cofinal
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sequence of clean neighborhoods of infinity for which each N0∪Vj is connected. Form
an inverse sequence in which baserays are suppressed
(6.2) pi1 (N0 ∪ V1) µ2←− pi1 (N0 ∪ V2) µ3←− pi1 (N0 ∪ V3) µ4←− · · ·
Since Vj deformation retracts ontoW
3×{1− 1
j+2
} andW 3 is contractible, pi1 (N0 ∪ Vj) ∼=
pi1
(
L∗0 ∪ · · · ∪ L∗j−1/∂T ∗j
)
. Thus, Sequence (6.2) is pro-isomorphic to the following se-
quence with basepoints suppressed
(6.3) pi1 (L
∗
0/∂T
∗
1 )
µ2←− pi1 (L∗0 ∪ L∗1/∂T ∗2 ) µ3←− pi1 (L∗0 ∪ L∗1 ∪ L∗2/∂T ∗3 ) µ4←− · · ·
To better understand each term in Sequence (6.3), we consider the knot complement
Kj defined as Kj = S
3\ Inth0j(T0) for j ≥ 1. That is, Kj is obtained by sewing the
solid torus S3\ IntTj to Tj\ Inth0j(T0) along ∂Tj. By the construction of W 3, the pair
(T ∗j , T
∗
0 ) is homeomorphic to (Tj, h
0
j(T0)). Thus,
pi1
(
(Tj\ Inth0j(T0))/∂Tj
) ∼= pi1 (L∗0 ∪ · · · ∪ L∗j−1/∂T ∗j ) .
By [Gu18, Claim 2] knot group pi1(Kj) is isomorphic to pi1
(
(Tj\ Inth0j(T0))/∂Tj
)
.
Hence, Sequence (6.3) is pro-isomorphic to a sequence of knot groups
(6.4) pi1 (K1)
µ2←− pi1 (K2) µ3←− pi1 (K3) µ4←− · · ·
The details about the construction of knot space Kj can be found in [Gu18]. It’s
clear that pi1(K1) is isomorphic to pi1(S
3\K). As one option, we can choose a fibered
knot for K. Recall that a knot k ⊂ S3 is fibered if its exterior admits a locally trivial
fibration over S1.
Proposition 6.9. Fibered knot groups are hypoabelian.
Proof. By [Neu65], the commutator subgroup of the fibered knot group is finitely
generated, i.e., free. 
Remark 6. The Alexander polynomial of fibered knot is monic [Neu65] [Rap60]
[Sta61], i.e., the coefficient of the highest degree term of the normalized Alexander
polynomial is a unit ±1. By the duality of the Alexander polynomial, its lowest degree
term is also ±1. This criterion is sufficient for alternating knots [Mur63] and prime
knots up to 10 crossings [Kan79]. In general, the converse is not true. The Alexander
polynomial of any fibered knot is also the Alexander polynomial of infinitely many
nonfibered knots.
We invoke two important techniques of constructing knots to analyze pi1(Kj) (j ≥
2). The first is the twisted Whitehead doubling.
Definition 6.4. Let KP be a non-trivial knot in S
3 and VP an unknotted solid torus
in S3 with KP ⊂ VP ⊂ S3. Assume KP is not contained in a 3-ball of VP . Let
KC ⊂ S3 be another knot and let VC be a tubular neighborhood of KC in S3. A
homeomorphism h : VP → VC which maps a meridian of S3\ IntVP onto a longitude
of VC and KP onto a knot KW = h(KP ). We say KC is a companion of any knot
KW constructed (up to knot type) in this manner, and KW is called a satellite of
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KC . If h is faithful, meaning that h takes the preferred longitude
9 and meridian of
VP respectively to the preferred longitude and meridian of VC , consider KP ⊂ VP as
in Figure 2, we say KW is an untwisted Whitehead double of KC . Otherwise, KW is
a twisted Whitehead double. For instance, the satellite knot in Figure 2 is a 3-twisted
Whitehead double of a trefoil knot. The pair (VP , KP ) is called pattern of KW .
Figure 2. A 3-twisted Whitehead double of a trefoil knot
The second tool is based on a type of connected sum of a pair of manifolds
(Mm1 , N
n
1 )#(M
m
2 , N
n
2 ), where N
n
i is a locally flat submanifold of M
m
i . Treat the
above pair as (S3, k1)#(S
3, k2) where ki are tame knots. Removing a standard
ball pair (B3i , B
1
i ) from (S
3, ki) and gluing the resulting pairs by a homeomorphism
h : (∂B32 , ∂B
1
2) → (∂B31 , ∂B11) to form the pair connected sum. For convenience, we
use k1#k2 other than pairs of manfolds. See [Rol76] for details. Let K1 (= K) be a
knot corresponding to the knot space K1, and denote a twisted Whitehead double of
K1 by KWh1 . Let K2 = KWh1 #K1. Then an argument similar to [Gu18, Claim 3] im-
plies that pi1(S
3\K2) ∼= pi1(K2). Likewise, one can further find a knot K3 on 3rd stage
which is a connected sum of a twisted Whitehead double of K2 and K1. By iteration,
a knot Kj can be viewed as KWhj−1#K1 so that pi1(S3\Kj) ∼= pi1(Kj). Using Lemma
6.7, Sequence (6.2) above not being perfectly semistable is equivalent to pi1(Kj) being
hypoabelian, thus, our next step is to show that each knot group in Sequence (6.4) is
hypoabelian.
Lemma 6.10. The group of the link complement of the Whitehead link (which is
isomorphic to pi1(VP\KP ) as shown in Figure 2) is hypoabelian.
Proof. Since the link group of the Whitehead link is isomorphic to a subgroup of
PSL(2,Z[i]) (see [Wie78]), by Proposition 6.4, G is hypoabelian.
We give a more geometric proof here. Consider a (unique) epimorphism φ from
pi1(VP\KP ) to the infinite cyclic group 〈t〉 sending each meridian of VP to t. Since the
9“Preferred longitude” means KW has writhe number zero.
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Whitehead link is fibered [Rol76, Ex. 5, p. 338], the kernel kerφ of φ is isomorphic
to the fundamental group of the fiber surface, which is a free group of finite rank,
thus, hypoabelian. Then pi1(VP\KP ) is a group extension of two hypoabelian groups,
hence, hypoabelian. 
Lemma 6.11. Let KC be a non-trivial knot, KW be a satellite knot and (VP , KP )
be the pattern. Suppose the knot group of KC and pi1(VP\KP ) are hypoabelian, and
that the Alexander polynomial of KW is nontrivial. Then the knot group of KW is
hypoabelian.
Proof. Denote the various groups pi1(S
3\KC), pi1(S3\KW ) and pi1(VP\KP ) by GC ,
GW and H, respectively. By Seifert-van Kampen theorem, GW = H ∗pi1(∂VP ) GC .
The amalgamated free product of H and GC with subgroups pi1(∂VP ) ⊂ H and
pi1(∂VC) ⊂ GC identified via a homeomorphsim h as described in Definition 6.4.
Regard H as the fundamental group of the complement of a 2-component link
KP∪mP , wheremP is a meridian of VP . Let λ, t be the homotopy class of the longitude
lP and meridian mP of VP , respectively, in H. Using a Wirtinger presentation after
replacing all meridional generators of mP except t by element of the first commutator
subgroup H(1) we obtain
H = 〈t, u˜i, λ|R˜j(u˜tνi , λ)〉,
where u˜i ∈ H(1), u˜tνi = tν u˜it−ν , ν ∈ Z, i, j are finite indices. The augmentation φ :
GW → Z induces a homomorphism φ : H → Z by sending t → 1 and λ, u˜i → 0. Let
R be kerφ. Apply Reidemeister-Schreier method to see that the presentation of the
commutator subgroupG
(1)
W ofGW can be written as a free product with amalgamation:
(6.5) G
(1)
W = R ∗F
( ∗∏
%
t%G
(1)
C t
−%
)
,
where G
(1)
C is the commutator subgroup of GC . When the winding number n of KP
in VP is zero, F is a free group of infinite rank generated by λ
t% = t%λt−%. Otherwise,
F is a free group of rank n and % = 0, 1, . . . , n− 1. A detailed proof can be found in
[BZ03, Section 4.12]. By presentations (7) and (8) in [BZ03, p. 63],
R = 〈u˜t%i , λt
%|R˜t%j (u˜t
ν
i , λ)〉,
where R˜t
%
j (u˜
tν
i ) = t
%R˜j(u˜
tν
i , λ)t
−%.
∗∏
%
t%G
(1)
C t
−% = 〈uˆt%k , λt
%|Rˆt%ι (uˆt
%
k ), (λ
t%)−1wˆt
%
(uˆt
%
k )〉,
where uˆk, wˆ(uˆk) ∈ G(1)C , Rˆt
%
ι (uˆ
t%
k ) = t
%Rˆι(uˆ
t%
k )t
−%, uˆt
%
k = t
%uˆkt
−%, and wˆt
%
(uˆt
%
k ) =
t%wˆ(uˆt
%
k )t
−%; k is a finite index.
To see that GW is hypoabelian, it suffices to show that the third derived series of
GW is hypoabelian. Note that the derived series of H (resp. GC) does not stabilize
at the third commutator subgroups H(3) (resp. G
(3)
C ). In fact, [Coc04, Prop. 12.5]
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implies that λ vanishes at G
(3)
W . Dropping λ and using generators v˜κ ∈ H(3) and
vˆτ ∈ G(3)C (while keeping λ in G(2)W ), we obtain
G
(3)
W = 〈v˜λ
%
κ , vˆ
λ%
τ |r˜λ
%
ζ (v˜
λµ
κ ), rˆ
λ%
ς (vˆ
λµ
τ )〉,
where µ ∈ Z and r˜λ%ζ (v˜λµκ ) = λ%r˜ζ(v˜λµκ )λ−%, v˜λ%κ = λ%v˜κλ−%, rˆλ%ς (vˆλµτ ) = λ%rˆς(vˆλµτ )λ−%
and vˆλ
µ
τ = λ
%vˆτλ
−%; κ, τ, ζ and ς are finite indices. Since G(3)C , λG
(3)
C λ
−1, . . . , have
disjoint sets of generators and so do H(3), λH(3)λ−1, . . . , G(3)W can be rewritten as a
free product of free products
G
(3)
W =
( ∗∏
%
λ%H(3)λ−%
)
∗
( ∗∏
%
λ%G
(3)
C λ
−%
)
.
It follows from the hypothese that H(3) and G
(3)
C are hypoabelian. The free product
is hypoabelian, for the conjugates of H(3) and G
(3)
C are hypoabelian. 
Remark 7. (1) The requirement that the Alexander polynomial of KW is non-
trivial in Lemma 6.11 cannot be omitted. Removing it might cause coun-
terexamples such as the untwisted Whitehead double of any nontrivial knot.
It’s well-known that the knot group of an untwisted Whitehead double of any
nontrivial knot is perfect.
(2) That the Alexander polynomial of KW is nontrivial alone cannot guarantee
that the knot group of KW is hypoabelian. Here is an example suggested by
Professor Ian Agol [Ago17]. Consider the (p, q) cable of K, denoted Kp,q, is a
statellite knot with pattern the (p, q) torus knot, Tp,q. More precisely, Kp,q is
the image of a torus knot living on the boundary of a tubular neighborhood
of K. Thus, p is the number of times Kp,q traverses the longitudinal direction
of K, and q is the meridional number. By [BZ03, Prop. 8.23, p. 121], the
Alexander polynomial of a cable knot is determined by
∆Kp,q(t) = ∆Tp,q(t) ·∆K(tp).
Let K be an untwisted Whitehead double of a nontrivial knot. Since K has
trivial Alexander polynomial, G(1) = G(2). Therefore, when one takes a cable
of this knot, its derived series will agree with that of torus knot Tp,q. Because
the knot group of any Tp,q is hypoabelian, the transfinite derived series G
(i)
p,q
(i ≥ 0) of the knot group of Kp,q terminates at the commutator subgroup of
the pattern knot at G
(ω)
p,q , where ω is the first ordinal.
(3) It’s impossible to weaken the hypothese that the knot group of KC and
pi1(VP\KP ) are hypoabelian in Lemma 6.11 to the Alexander polynomials
of KC and KP are nontrivial. One emulates the example in (2) above to pro-
duce a cable of a cable of an untwisted Whitehead double of an nontrivial
knot such that the patterns are torus knots.
The following result answers a question posed in [Gu17] and [Gu18, Question 4] in
affirmative.
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Corollary 6.12. Let KC be a non-trivial knot. If pi1(S
3\KC) is hypoabelian, then the
knot group of a twisted Whitehead double KW of KC is hypoabelian.
Proof. An easy exercise in [Rol76, Ex. 7, p. 166] shows that the Alexander polynomial
of KW is nontrivial. Apply Lemma 6.10 and Lemma 6.11. 
Lemma 6.13. Let K1 and K2 be knots and G1 and G2 be the corresponding knot
groups. If Gi is hypoabelian, then the knot group of K1#K2 is hypoabelian.
Proof. Note that pi1(S
3\K1#K2) can be written as a free product of G1 and G2
amalgmating an infinite cyclic group generated by the homotopy class of meridian of
K1 and K2. The result follows readily from Proposition 6.5 or 6.6. 
Proposition 6.14. W 3× [0, 1) is not peripherally perfectly pi1-semistable at infinity,
hence, not pseudo-collarable.
Proof. Iterating Lemmas 6.10, 6.13 and 6.11 for pi1(Ki)’s in Sequence (6.4) shows
that Sequences (6.3) and (6.2) are pro-isomorphic to a sequence of hypoabelian
groups. Furthermore, Lemma 4.2 or a direct observation ensures that Sequence (6.2)
is semistable. However, Lemma 6.7 shows that the perfectness fails. Applying the
necessity Theorem 1.2 completes the proof. 
Corollary 6.15. There are infinitely many W 3×[0, 1) (up to homeomorphism) which
are not pseudo-collarable.
Proof. Take a fibered knot K with writhe number ≥ 1, e.g., a trefoil knot. Applying
the construction developed in [Mor78], one can produce an infinite sequence {Ki} of
distinct fibered knots having the same nontrivial Alexander polynomial ∆K(t
4) for K.
We further employ the main result in [Lac14] to assure that the writhe number of each
Ki has a lower bound 1. Next, we shall show that W 3 × [0, 1) constructed based on
distinct pair (Ki,Kj) (i 6= j) are not homeomorphic. Note that each compact subset
of W 3 embeds in S3. For a cube with handles Rl ⊂ W 3 at stage l in the construction,
we take a homeomorphism of S3 onto itself taking Rl onto a canonical position (see
Figure 3). Then W 3× [0, 1) constructed based on Ki is not homeomorphic to the one
constructed using Kj because there is no ambient isotopy which moves Ki to Kj in
S3. 
6.3. High-dimensional examples. In this section, we shall produce examples of
higher dimensions modeled on W 3 × [0, 1) constructed in §6.2.
Proof of Theorem 1.4. The case m = 4 is just Propositions 6.1 and 6.14.
For cases m > 4, let’s let W 3 be as in §6.2. For convenience, we denote W 3× [0, 1)
by X. We shall show that X ×S(m−4) is Z-compactifiable but not pseudo-collarable.
Let Xˆ = X unionsq {∞} be the one-point compactification of X. By Proposition 6.1, Xˆ is
a Z-compactification of X. We invoke an alternative definition of Z-compactification
that there exists a homotopy H : [0, 1] × Xˆ → Xˆ such that H0 = IdXˆ and Ht(Xˆ) ⊆
Xˆ − {∞} for all t > 0. Subsequently, we define a homotopy H ′ = H × Id : [0, 1] ×
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Figure 3. Reembedding of Rl in S
3 based on a trefoil knot.
Xˆ × S(m−4) → Xˆ × S(m−4) such that H ′0 = IdXˆ×S(m−4) and H ′t(Xˆ × S(m−4)) ⊆ (Xˆ −
{∞})×S(m−4) for all t > 0. Thus, Xˆ×S(m−4) is a Z-compactification of X×S(m−4).
To see the breakdown of pseudo-collarability, we will consider the fundamental
group at infinity of X × S(m−4). More specifically, it suffices to show that the pe-
ripherally perfect pi1-semistability fails. One just need to consider the same cofinal
sequence (6.2) of neighborhoods of infinity as depicted in Section 6.2, and take the
product of Sequence (6.2) with S(m−4). That gives the sequence (with baserays sur-
pressed) as follows.
(6.6)
pi1
(
(N0 ∪ V1)× S(m−4)
)←−pi1 ((N0 ∪ V2)× S(m−4))←−pi1 ((N0 ∪ V3)× S(m−4))←−· · ·
For m ≥ 6, Sequence (6.6) is pro-isomorphic to Sequence (6.2), which is an inverse
sequence of hypoabelian groups. Hence, X × S(m−4) is not peripherally perfectly
pi1-semistable, using Lemma 6.7.
For m = 5, Sequence (6.6) is pro-isomorphic to
(6.7) pi1(N0 ∪ V1)× Z←−pi1(N0 ∪ V2)× Z←−pi1(N0 ∪ V3)× Z←−· · ·
By the work in §6.2, pi1(N0 ∪ Vj) and Z are hypoabelian, therefore, Sequence (6.7) is
an inverse sequence of hypoabelian groups. Apply Lemma 6.7 and the necessity of
Theorem 1.2. 
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